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ABSTRACT
The inverse cascade of magnetic helicity in 3D-MHD turbulence is believed to be one of the processes
responsible for large scale magnetic structure formation in astrophysical systems. In this work we
present an exhaustive set of high resolution direct numerical simulations (DNS) of both forced and
decaying 3D-MHD turbulence, to understand this structure formation process. It is first shown that
an inverse cascade of magnetic helicity in small-scale driven turbulence does not necessarily generate
coherent large-scale magnetic structures. The observed large-scale magnetic field, in this case, is
severely perturbed by magnetic fluctuations generated by the small-scale forcing. In the decaying
case, coherent large-scale structure form similar to those observed astronomically. Based on the
numerical results the formation of large-scale magnetic structures in some astrophysical systems, is
suggested to be the consequence of an initial forcing which imparts the necessary turbulent energy
into the system, which, after the forcing shuts off, decays to form the large-scale structures. This idea
is supported by representative examples e.g. cluster of galaxies.
Subject headings: large-scale magnetic structures: general — magnetic helicity inverse cascade: indi-
vidual(Radio relics), magnetic reconnection
1. INTRODUCTION
Large-scale magnetic structures are observed in many
astrophysical systems, for example in galaxies, galaxy
clusters, or around stars and planets (Schekochihin &
Cowley 2007; Bagchi et al. 2009; Belenkaya 2009). The
scales of these structures can range from megaparsecs on
the farther side to few astronomical units on the smaller
side. A common feature of these systems is plasma turbu-
lence. Theories explaining the formation of these struc-
tures use the concepts of magnetohydrodynamics (MHD)
and MHD-turbulence (see Biskamp (2003); Brandenburg
& Subramanian (2005)). Prominent theories include the
dynamo effect to explain the magnetic fields of plan-
ets, stars and galaxies (see e.g.Cowling (1981); Sa´nchez-
Salcedo et al. (1999); Weiss (2002); Brandenburg et al.
(2002); Zhou et al. (2004); Subramanian et al. (2006);
Solanki et al. (2006)) and feeding of plasma through jets
in the case of clusters of galaxies (Contopoulos et al.
2009). However, no single theory or phenomenology is
capable of explaining the formation of these structures,
consistently.
Although these theories succeed in explaining the ampli-
fication of a seed field into large-scales, the stability of
these large-scale magnetic structures in a highly turbu-
lent environment (e.g. see images of MRC 0116+111 in
Bagchi et al. (2009)), remains an issue that is less under-
stood (Weiss 2002; Biskamp 2003).
It is envisaged that the inverse cascade of magnetic helic-
ity HM in three-dimensional MHD turbulence, i.e. spec-
tral transfer of HM from small scales to large scales, with
a constant flux, is one of the mechanisms that can ex-
plain large-scale magnetic structure formation and their
stability (Pouquet et al. 1976). Magnetic helicity is de-
fined as 12
∫
dV a · b, where V is the overall volume, a
is the magnetic vector potential and b is the magnetic
field. Although there have been several works discussing
the formation of large-scale structures using the inverse
cascade of magnetic helicity as one of the mechanisms
(see e.g Gilbert & Sulem (1989); Kinney et al. (1995);
Miller et al (1996); Field & Carroll (2000); Alexakis et
al. (2007)), only a few studies have given this concept
the ‘central stage’ (see e.g. (Brandenburg 2001; Mininni
et al. 2006; Mininni 2007)). However, even in these nu-
merical studies, the energy-containing scales of the flow
are not separated enough from the scale of the system,
thus not allowing us to get a clear picture of the unique
properties of a self-similar inverse cascade — in short,
there is not enough scale separation in these numerical
studies. In contrast, in many of the astrophysical sys-
tems, the scales characteristic of magnetic structures are
orders of magnitude larger than the energy containing
scales of the associated turbulent plasma flow (for ex-
ample: jets in the case of radio relics and cores of the
planets in the case of planetary magnetospheres).
Hence, the primary objective of this work, is to study the
inverse cascade of magnetic helicity as a possible funda-
mental formation process of large-scale magnetic struc-
tures using direct numerical simulations. For this, we use
an idealized system of plasma flow comprising of statis-
tically isotropic, homogeneous, incompressible three di-
mensional MHD turbulence with vanishing mean align-
ment of v (the velocity field) and b. The scale separation
between the turbulence drive and the system size is made
as large as the numerical resources permit, by using a pe-
riodic cubic grid of 10243.
This paper is divided into 6 sections. In section 2 the
model equations used and numerical set up are described,
followed by a section summarizing pertinent results of
spectral studies. The next section discusses obtained nu-
merical results based on data visualization for driven and
decaying MHD turbulence drawing conclusions on a pos-
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sible fundamental process of large-scale structure forma-
tion. In section five an attempt is made to explain mag-
netic structure formation in some astrophysical example
systems. Conclusions are given in section six.
2. NUMERICAL SET UP
The set of dimensionless incompressible MHD equa-
tions giving a concise single-fluid description of a plasma
and the numerical setup used to solve them have already
been discussed in our works on spectral studies (Mu¨ller
et al. 2012; Mu¨ller & Malapaka 2013) and are repeated
below for completeness as:
∂tω =∇×(v×ω−b×j)+µn(−1)n/2−1∇nω+Fv+λ∆−1ω ,
(1a)
∂tb =∇× (v × b) + ηn(−1)n/2−1∇nb+ Fb + λ∆−1b ,
(1b)
∇ · v = ∇ · b = 0 (1c)
where ω = ∇ × v is the vorticity and j = ∇ × b is the
current density.
Relativistic effects are neglected and the mass density is
assumed to be unity throughout the system. Other ef-
fects such as convection, radiation and rotation are also
neglected. Direct numerical simulations are performed
by solving the set of model equations by a standard pseu-
dospectral method (Canuto et al. 1988) in combination
with leap-frog integration on a cubic box of linear size 2pi
that is discretized with 1024 collocation points in each
spatial dimension. Spherical mode truncation is used for
alleviating aliasing errors. By solving the equations in
Fourier space, the solenoidality of v and b is maintained
algebraically.
As the primary objective of our study is to observe clear
signatures of an inverse cascade of magnetic helicity a
source of this quantity is introduced at small scales.
This is achieved in two different ways resulting in two
main configurations: a driven system and a decaying
one. In the driven case, the forcing terms Fv and Fb
are delta-correlated random processes acting in a band
of wavenumbers 203 ≤ k0 ≤ 209. They create a small-
scale background of fluctuations with adjustable amount
of magnetic and kinetic helicity (HK = 12
∫
V
v · ω dV ).
The results reported in this paper do not change if ki-
netic helicity injection is finite. We also report the re-
sults from a third configuration wherein the system is
initially forced and later allowed to decay. The theo-
retical results presented in the following do not depend
on the setup of the forcing as they presuppose an ex-
isting self-similar distribution of energies and helicities.
For obtaining such spectra in numerical experiments the
magnetic source term Fb is necessary while a finite mo-
mentum source Fv speeds up the spectral development
significantly. In the decaying case the forcing terms are
set to zero and the initial condition represents an en-
semble of smooth and random fluctuations of maximum
magnetic helicity with respect to the energy content (for
details see Mu¨ller & Malapaka (2013)) and a character-
istic wavenumber k0 = 70. The third configuration is
obtained by withdrawing the forcing at (few) selected
points in the evolution of the driven system and advanc-
ing the obtained configurations as decaying systems, for
(at least) further five large eddy turnover times .
A large scale energy sink λ∆−1 with λ = 0.5 is present
for both the fields in the forced case, to ensure the min-
imization of finite volume effects on the inverse cascade.
In the decaying case λ is set to zero and hence the mod-
ifications due to finite system-size on the scaling regime
of the cascade are reduced by stopping the simulation(s)
as the largest-scales of the box are reached. The simu-
lations are run for 6.7 (forced) and 9.2 (decaying) large-
eddy turnover times of the system respectively, with the
time unit being defined using the system size and its
total energy. The hyperdiffusivities µn and ηn are di-
mensionless dissipation coefficients of order n , which is
always even in these simulations), with n = 8 in both
runs. They act like higher-order realizations of viscos-
ity and magnetic diffusivity, respectively. The magnetic
hyperdiffusive Prandtl number Prmn = µn/ηn is set to
unity.
The initial conditions to these simulations are smooth
fluctuations with random phases having a Gaussian en-
ergy distribution peaked around k0 in the decaying and
the forced cases. In the present driven-simulations delta-
correlated random processes generate magnetic and ve-
locity field fluctuations with wavenumbers 203 < k0 <
209 and well defined kinetic and magnetic helicity. In
all reported simulations magnetic driving with maximal
magnetic helicity of one sign is applied while the velocity
driving does not inject kinetic helicity. Test runs with ad-
ditional kinetic helicity injection (various levels relative
to magnetic helicity injection niveau) have been carried
out without significantly changing the described observa-
tions. Control of the respective helicity input is achieved
by constructing the injected fluctuations as linear com-
binations of eigenvectors of the curl operator. Technical
details are given in Biskamp & Mu¨ller (2000) and Wal-
effe (1992). The initial/force-supplied ratio of kinetic to
magnetic energy is unity with a peak amplitude of 0.05
in the forced case and an amplitude of unity in the de-
caying case. In the third case, this ratio depends on the
selected point in the evolution of the driven system. Hy-
perviscosity of order n = 8 is chosen in the simulations to
obtain sufficient scale-separation. It is difficult to define
an unambiguous Reynolds number owing to a) the scale
separation and b) the use of hyperviscosity in the system,
as several different Reynolds numbers could be defined
(estimated) at several different characteristic scales (also
see for more details Malapaka (2009)). For example, if
we presume that the characteristic length scale l of the
system is defined in the inertial range for both forced
and decaying cases, then the Reynolds number could be
defined as Re
9
4 = lld where l equivalent to the character-
istic length scale obtained using (
µ3n
 )
1
6n−2 (see Biskamp
(2003))), with  being the constant non-linear energy flux
and ld=(
η2nvA
 )
1
4n−1 being the dissipation length with vA
the Alfve´n velocity calculated from
√
EM at the charac-
teristic length scale l . The estimated Reynolds number
in this method is in the range of 103 to 4× 103 in all the
three cases.
With the above mentioned simulation set up, the equa-
tions are solved for all the three cases separately in the
spectral space and using inverse Fourier transforms, spa-
tial data is obtained. With the help of this data, we
discuss the evolution of large-scale magnetic structures
and interpret them for various astrophysical scenarios,
Large-scale Magnetic Structure Formation 3
in the following sections.
3. SPECTRAL BEHAVIOR OF MAGNETIC HELICITY AND
MAGNETIC ENERGY
Magnetic helicity is an ideal invariant in 3D-MHD
which via its spectral behavior helps in gaining some
insight into the turbulent MHD flow. It quantifies the
linkage and twist in the magnetic field (Moffatt 1969).
The change of magnetic field topology associated with a
spectral transfer of magnetic helicity can be caused by
spectrally local or non-local nonlinear dynamics. Alex-
akis et al. (2006) report that the cascade of magnetic he-
licity in direct numerical simulations of forced 3D-MHD
turbulence, has both local and non-local components and
that the inverse cascade process is predominantly non-
local in nature. In Mu¨ller et al. (2012), it is shown that
the inverse cascade of magnetic helicity in the forced case
has a large scale self-similar range (k ∼ 7 − 30 ) with a
power law exponent of -3.3, while it is -3.6 for the decay-
ing case 1. In the small scale region (k ∼ 250 − 400 ) we
observe a second self-similar range with a power law of
-1.7, arising out of a direct cascade of magnetic helicity.
This small-scale self-similar range needs to be treated
with caution as the spectra in this range might be influ-
enced by bottleneck effect (Biskamp & Mu¨ller 2000), and
hence we will ignore the discussion on this range in the
following section. Our results on the power law of mag-
netic helicity differ significantly from the previous DNS
attempts (see for example (Brandenburg 2001; Mininni
et al. 2006)) which did not have a clear scale separation
between the large and small scales. However, recently
there have been several results in the decaying case e.g.
(Mininni & Pouquet 2009; Graham et al. 2011), which
confirm the deviation of the power law value of mag-
netic helicity from the earlier predicted value of k−2 .
The power law values obtained in these new simulations
range from −103 to −3.7, suggesting a lack of universality
for the power law of magnetic helicity (Pouquet et al.
2010). Owing to the range this new power law falls in all
these works [-3.3 to -3.7] and the fact that even to the
present day, the best resolved numerical simulations still
permit an unphysical dependence of the system behavior
on initial conditions and a specific simulation setup, we
observe that it is probably too early to comment on the
lack of universality, or even the true value of the scaling
exponent. One unambiguous comment that can be made
here is that the physics behind the self-similar scaling ex-
ponents is not clearly understood, as the earlier dimen-
sional analysis argument using magnetic helicity flux (see
Pouquet et al. (1976)) appears to be no longer valid in
these works.
The inverse cascade of magnetic helicity with periodic
boundary conditions has been studied in the context of
mean field dynamo theory and α-effect. There, it was re-
alized that α-effect gets quenched due to the presence of
periodic boundaries in combination with magnetic helic-
ity conservation and to overcome this, simulations with
1 In the decaying case, the spectral transfer of magnetic helicity
to smaller k or large scales, cannot be termed as a cascade as the
flux of helicity in this case is not a constant. It can only be termed
as inverse spectral transfer(see Moffatt (1978); Christensson et al.
(2005); Malapaka (2009)). However, the use of ”inverse spectral
transfer” might confuse the readers and to avoid this ‘inverse spec-
tral transfer’ is used sparingly and the word ‘inverse cascade’ is
used in most of the contexts.
open boundaries; to shed the helicity flux from the sys-
tem; were proposed (see Brandenburg & Sandin (2004);
Brandenburg & Subramanian (2005)). However, we in
this paper are not dealing with the constraints imposed
by the cascade of magnetic helicity on the dynamo pro-
cess. Our main focus here is to understand the inverse
cascade as a ‘transport process’, moving the small-scale
magnetic helicity flux non-locally, aiding in the genera-
tion of large scales. The inverse cascade of magnetic helic-
ity transports several other quantities; which show pre-
dominantly local non-linear interactions e.g. magnetic
energy, kinetic energy (as a result total energy) and ki-
netic helicity, along with it to larger scales (see Mu¨ller et
al. (2012); Mu¨ller & Malapaka (2013) and the references
therein). As the objective is to understand the forma-
tion of large-scale magnetic structures, the influence of
the inverse cascade of magnetic helicity on the magnetic
energy spectrum is described below.
3.1. Magnetic Energy Spectrum
Magnetic energy and magnetic helicity are dimen-
sionally related as E Mk ∼ kH Mk . It is indeed observed
that as the magnetic helicity inverse cascades, so does
the magnetic energy (shown in Figure (1a)), but with a
less steeper (approximate) power law of k−1 (Pouquet
et al. 1976). In this work too, we observe approx-
imately the same relation between magnetic energy
and magnetic helicity with magnetic energy showing
a large scale (k ∼ 7 − 30 ) self-similar range with the
power-law scaling exponent having a value of -2.1, in
the driven case. In the small-scales (k ∼ 250 − 400 ),
the scaling exponent’s value is -0.6. In the decaying
case the self-similar range has a power law scaling
exponent of -2.1 (Figure (1b bottom)). It is to be
noted that the flux of magnetic energy; Πjb+vb(k) =∫ k
0
d3 k ′[(Re(ω˜∗.
i
k ′2
(k ′ × j˜× b)))︸ ︷︷ ︸
Tjb
+ (Re(b˜∗.i(k ′ × v˜ × b)))︸ ︷︷ ︸
Tvb
]
where Tjb is the contribution of the magnetic field to
the flux and Tvb is a contribution to the flux due to the
interaction of both velocity and magnetic fields (here the
terms with ∼ are the Fourier transformed quantities),is
not constant and depends on wave number k as shown
in Figure (1b top).
It has been observed that although the simulation in
both decaying as well as forced cases start with the
same initial kinetic and magnetic energies, as the system
evolves in time, the magnetic energy gains at the cost
of kinetic energy at large scales, a behavior known and
understood as a result of a dynamical equilibrium of
small-scale dynamo action and energetic equipartition
through Alfve´n waves (Mu¨ller & Grappin 2005) (also see
Figure (1b middle)). Further, there exists a dynamic re-
lation combining magnetic helicity and magnetic energy
with kinetic helicity and kinetic energy, in the spectral
space, that shows additional interesting similarities to
the to the α dynamo and its quenching (Mu¨ller et al.
2012; Mu¨ller & Malapaka 2013).
In the third configuration where the system was initially
forced and later allowed to decay, the spectral powers
changed from the forced configuration values to the
decaying configuration values.
From the discussion above it can be argued that
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large-scale magnetic structure formation can occur in
both forced and decaying cases, as both the magnetic
helicity spectrum and the magnetic energy spectrum
move towards the large scales with time. However,
only structure function analysis and (or) visualization
of the real space structures can give us a true picture.
Structure function analysis and other statistical methods
are reported else where (see Malapaka & Mu¨ller (2013))
and here in this report we discuss only the results from
the visualization of the real space structures from our
simulations. However, an analysis of the PDFs of the
observed magnetic structures is presented to understand
the nature of coherence in these structures.
4. VISUALIZATION OF THE STRUCTURES
The real-space structures of the simulation data is
visualized using tools like AMIRA now known by the
name AVIZO (a commercial visualization package) and
Visit (an open source visualization package developed
by LLNL, USA), to understand the various types of
structures present in the turbulent flow. Below, we
present a brief summary of systematic study on the
observed structures in all the three cases mentioned
above.
4.1. Structures in Forced turbulence
The magnetic field structures2 in the forced turbulence
case are visualized at t = 0, the initial state and at a time
t = 6.7, when the peak of magnetic helicity spectrum,
has reached the farthest scale (i.e. k = 2 ). The initial
state as can be observed from the Figure (2a), consists
of small-scale random structures. From the spectral
analysis, it is seen that starting with this initial state, as
simulations progress in time, a movement of magnetic
energy towards the larger scales along with the inverse
cascade of magnetic helicity. Such a spectral transport
is expected to aid in the development of coherent
large-scale magnetic structures (Pouquet et al. 1976).
However, it appears that although there is large-scale
structure formation (Figure (2b)), these structures are
not the usually expected coherent large-scale structures.
The probable cause for this unexpectedly looking
structures could be the influence of the small-scale
random, but energetic forcing supplied at every time
step, which seems to appear as some form of dominant
noise in Figuure (2b). To remove the reminiscence of
the dominant small-scale seeds generated by the forcing
and to examine if there are any coherent large scale
features hidden behind, the data is subjected to a low
pass filtering (kcutoff ∼ 70). The filter is characterized
as follows:
f (k) =
{
f (k) if k ≤ 70
0, otherwise.
The filtered output devoid of the small scales, is shown
in the Figure (2c) and iso-surfaces of the same are seen
in the Figure (2d). From these two pictures it can be
2 All the structures shown here are color-coded modulus of the
respective field and iso-surfaces are are taken at a different thresh-
old value for each field. The brighter regions in all the figures infer
higher values and darker regions indicate lower values.
inferred that the magnetic field has several smudged re-
gions of high concentration which are not the expected
coherent large-scale structures. The iso-surfaces of fil-
tered data shown in Figure (2d). indicate that no clearly
discernible large-scale magnetic structures have formed
up to this point in time. Intermittency modeling of the
iso-surfaces (see Malapaka (2009)) concludes that they
are fractal in nature (having a co-dimension of 1.5). Thus
it appears that, inverse cascade of magnetic helicity does
tend to produce large-scale magnetic structures, but the
inherent small-scale fluctuations of the forcing imposes
its randomness on the self-organization process of the
magnetic field. Previous studies (e.g. Brandenburg et
al. (2002)) have shown that inverse cascade of magnetic
helicity in the driven case is supposed to develop over
resistive time scales (say tR). Thus, it seems plausible
that in this case, evolution of coherent large-scale struc-
tures could be of the order of resistive time scales, over
which the random affects of the forcing are also effec-
tively overcome. But to perform such a numerical sim-
ulation, one would require much larger simulation grids
and simulation times; to allow for further development
of scales; than the ones that evolved in the presented
case. The applied large-scale energy sink necessary to
prevent condensation of magnetic helicity on largest sys-
tem scales also represents an artificial influence whose is
impact is difficult to estimate. However, even with the
above mentioned uncertainties in the performed simula-
tions, the physical conclusions reached here, represent
an important advancement in the understanding of the
driven MHD flows as scale-to-scale development is ob-
served at a hitherto unprecedented detail.
In contrast to the initial conditions and driving placed in
the small-scales in this work, Brandenburg (2001) uses
initial conditions and forcing mechanism placed in the
‘large-scales’ that develop into further (coherent)large-
scales, although there is not enough scale separation for
a sufficient inverse cascade of magnetic helicity to de-
velop,in the spectral space. Thus, the nature of the
formed structures in the forced MHD turbulence appears
to be severely depend on the type of initial conditions
and forcing mechanism (either large-scale or small-scale)
used in the simulations. To get further insights on this
issue, it is important to study forced MHD-turbulence,
with several other types of initial conditions and forcing
mechanisms, placed at various different scales.
Other physical quantities like velocity, current density
and vorticity were also visualized. Their spatial struc-
ture resembles that of the magnetic field and hence are
not presented here. Magnetic helicity, however shows
large-scale structures which are very similar to the ones
observed in the decaying case and hence will be discussed
in the section below on the decaying case.
4.2. Decaying Case
In the decaying case, the structures of various physical
quantities are observed at time t = 9.7, when the peak
of the magnetic helicity spectrum has moved to k ∼
3, from k ∼ 70 . Figure (3a) shows the cut across the
plane of the magnetic field where strong tangled field
structures and some magnetic reconnection regions3 in
3 Magnetic reconnection regions in this work imply the regions
where two counter rotating magnetic vortices are seen separated
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the field are seen. Several intermittent scales (scales
over which the field strength shows abrupt changes) are
also observed. The iso-surfaces (Figure (3b)) appear
like twisted flux tubes which are also the dissipative
structures in the field. Magnetic helicity structures in
three dimensions are shown in Figure (3c), some of them
extending over the entire box and can be compared to
kinetic helicity flux surfaces seen in 3D-HD (see Chen et
al. (2003)). The iso-surfaces shown in Figure (3d)., show
possibly the largest structures of any physical quantity
visualized in our simulations. Since magnetic helicity
represents the linkage and twists in the magnetic field,
it can be seen that the linkages in the field appear to
form two distinct features e.g. huge eye-like structures
(magnitude of magnetic helicity is shown in Figure (3c))
in some places and column like structures all around.
Surprisingly, magnetic helicity structures in the forced
case exhibit exactly the same features as are observed
in the decaying case. This observation supports the
idea that irrespective of whether a driving is present or
not, the flux tubes get linked the same manner, in an
isotropic, homogeneous, incompressible MHD flow.
Figures (3e) and (3f) represent the structures of current
density j2. These structures have a large magnitude
but their sizes are small and are thinly spread over the
entire plane, which is a signature of intermittency. The
iso-surfaces of j are thin sheet like. Once these sheets
are formed, they do not appreciably change in size and
remain almost constant throughout the entire evolution
of the system playing a very significant role in the
inverse cascade (Mu¨ller & Malapaka 2013) (see also the
section on current density spectra below). The velocity
and vorticity field structures (Figures (3g) and (3i)) are
low in magnitude, thinly spread over the entire plane
and also show intermittency. The vorticity structures
have structural resemblance (not magnitudinal) to the
structures of current density and appear to be similar
to the ones seen in 2D-HD of Boffetta (2007). The
iso-surfaces of velocity (Figure (3h)) and vorticity
(Figure (3j)) appear in sheet like configurations, with
the iso-surfaces of vorticity and current density showing
high spatial correlation similar to the one observed
in a Taylor-Green MHD decaying turbulent flow (see
Pouquet et al. (2010)). Such a high level of spatial
correlation, probably stems from the frozen-in property
of the magnetic field, at high Reynolds number, which
leads to the formation of current sheets where ever fluid
portions with different magnetic field orientation are
colliding. As the fluid is tightly coupled to the magnetic
field this leads to the emergence of vortex sheets in close
vicinity of the current sheets (Biskamp & Mu¨ller 2000).
For the decaying case, in the limit of exact conservation
of magnetic helicity, it is stated that magnetic helicity
tends to be a constant w.r.t. time t (the large eddy
turnover time of the system ), instead of evolving over
resistive times scales as in the driven case (Christensson
et al. 2005). It is also known that the magnetic energy
has a power law of t−0.5 at larger magnetic Reynolds
numbers (Biskamp & Mu¨ller 1999; Christensson et al.
2005), where t << tR. The inference that can be drawn
by a dark region. In this dark region, perpendicular to the plane,
current sheet is observed(not shown in these figures). Please see
section 4.5.1 for some remarks and also Figure 7.
from combining these two facts is that, it is plausible
for the large-scale magnetic structures to emerge faster
than tR in the decaying case. Our decaying system
satisfies both the stated criterion (see Figure (9b) and
its caption for more details).
The magnetic field structures seen here are a result
of build up of magnetic energy caused by the inverse
spectral transfer of magnetic helicity as already stated
in the above section. Although the initial values for
kinetic energy and magnetic energy are the same, it
is clearly seen that the magnetic field structures are
stronger than their velocity field counterparts, at large
scales. Similar comparison for the structures of mag-
netic helicity and vorticity (which is a good proxy for
kinetic helicity as there appears to be a high degree of
alignment between velocity and vorticity) shows that the
magnetic helicity structures are the stronger counterpart.
4.3. Spectra of Current density
The time lapsed current density spectra are useful in
understanding the nature and evolution of the current
filaments that form during the inverse cascade of mag-
netic helicity, with Figures (4a) (driven case) and (4b)
(decaying case) representing this process. From these
figures it is observed that the peak of current density
spectra moves to relatively less larger scale(s) in both
the cases, than the peak of the magnetic energy spectrum
at approximately the same time (see for example: Fig-
ure (4a) and Figure (1a top)). This observation comple-
ments the visualized iso-surfaces of both magnetic field
and current density, and is at the very heart of the in-
verse cascade phenomenon which could be realized as a
merging of positively aligned and thus mutually attract-
ing current carrying structures (Biskamp& Bremer 1993;
Mu¨ller & Malapaka 2013). In this process, merging of
even small-scale current structures, can result in large-
scale magnetic structures with an increase in magnitude
of the current density (and not necessarily the formation
of large-scale current filaments), which is observed in the
spectrum as well in the structures. The transfer of en-
ergy from small scales to large scales via the interaction,
linkage and twisting of the magnetic field lines of vari-
ous scales can be attributed to this same process, thus
making the inverse cascade of magnetic helicity highly
non-local (see Mu¨ller & Malapaka (2013)).
4.4. System initially forced and later allowed to decay
Large-scale magnetic structures in astrophysical
systems will neither be completely represented by forced
MHD turbulence nor by decaying MHD turbulence
alone. It can be expected that the MHD turbulence in
these systems could be a consequence of both forced as
well as decaying turbulences (Soward et al Eds. 2002).
Present day observations do not capture the forcing
scales, though they do capture the forcing events.
The intermittent scales and events have also not been
observed in detail. Radio observations, do observe the
final resultant large-scale magnetic structures (see for
e.g. (Falgarone & Passot Eds. 2003)). It is plausible that
a system (say an isolated plasma) initially experiences
a forcing (in the form of a shock wave or a jet or any
such high energy event) through which it becomes
6 Malapaka et al.
MHD-turbulent and once the forcing is switched off, the
same system will then become a decaying turbulent flow
and over time might result in the observed large-scale
magnetic structures. Till date there are no simulations
which substantiate or capture such a behavior. Here we
report an attempt which tries to mimic this behavior.
For this, we perform three distinct decaying simulations,
by stopping the forcing at three specific points in time
(t1,t2 and t3 in Figure 1) in the evolution of magnetic
energy spectrum in the forced case (see Figure (1a)) and
allowing the system to evolve as a decaying turbulent
flow from that instance of time. This strategy allows us
to achieve two goals i.e. 1) to validate the assumption
that both forced and decaying turbulence are necessary
for large-scale magnetic structure formation and 2) to
look for any dependency on the size of the structures
formed and the amount of time the system is forced.
When the forcing is withdrawn from the system and
is allowed to decay, the system represents a decaying
turbulence system in which initial energy values of
kinetic and magnetic energies differ. This system is thus
a variation of the decaying turbulence case of the above
section where the system was initialized with equal
magnetic and kinetic energies.
Each of these simulations was performed for a period
amounting to ∼ 5 time units, as it was felt sufficient
to clearly observe the necessary trends. Figures (5a)
and (5b) represent the final state of the decaying
simulation that resulted after the forcing was stopped
at t3. Similarly Figures (5c) and (5d) represent the final
state for the resulting decaying simulation, with forcing
stopped at t1. From these figures it is clear that the
time the system is forced has a bearing on the size of
the structures formed. However, it is plausible that the
structures from Figure (5c) will evolve into the same
size as Figure (5a) provided they have enough energy as
theoretically inverse cascade or inverse spectral transfer
can proceed to infinitely large-scales. The structures at
t2 are an intermediate between these two cases and are
not shown here.
The important observations from these simulations
are: a) the power law values in the spectrum of all
the quantities changed from their initial forced state
values to the power law values of the decaying case [the
spectrum not shown here], (e.g. magnetic helicity which
was satisfying a power law value of -3.3 in the initial
forced state changed to -3.6 in the decaying run). b)
The number of magnetic reconnection regions decreases
from Figure (5c) to Figure (5a) indicating that while the
system has predominantly intermediate scales, there are
large number of magnetic reconnection regions, but they
decrease as these intermediate scales merge or change
to large-scale structures via inverse cascade / spectral
transfer. Further, since the time at which the forcing is
stopped serves as the initial condition for these decaying
cases, the resultant structures of Figure 5, emphasize
the role of initial conditions on the final out come of the
simulations.
To the best of our knowledge, this is the first time that
in MHD turbulence simulations, a change of power law
from forced case to decaying case is observed. This also
coincided with the improvement in the dimensionality
of the structures from fractal (1.5) (see Figure (2d))
to proper two dimensions (see Figures (5b) and (5d)),
from the initial forcing state to the final decaying case.
These observations reiterate the assertion that the kind
of small-scale forcing used in our simulations inhibits
the formation of coherent large-scale structures but
decaying turbulence (initiated at any scale) helps in
the formation of coherent two dimensional structures.
Although results from magnetic field structures only are
being reported here, such a change in dimensionality of
the structures from the forced case to decaying case are
seen in several other quantities too (e.g. velocity field).
4.5. Evolution of the Magnetic Field
The Figures (6a)-(6d) show the evolution of magnetic
field from an initial random state to a state with
coherent large scale structures for the decaying case.
As decaying turbulence takes over, from the randomness
of the initial state (Figure (6a)), structure formation is
seen (Figures (6b)- (6d)), where in the initial, point like,
random magnetic field structures grow into small vortex
like structures. Here already several magnetic reconnec-
tion regions emerge. The process continues further and
the structures grow larger as the reconnection regions
become fewer in number. While this happens through
the inverse spectral transfer in the decaying case, the
system is also loosing energy. Thus the magnitude of the
field strength in these structures continues to decrease,
which can also be seen in Figure 2 of Mu¨ller et al.
(2012), where the peak of magnetic energy falls as k−1.
This can be seen from the increase of dark regions in
these figures (note that in these pictures bright regions
indicate higher field strength and dark regions are of
lower field strength).
4.5.1. Magnetic reconnection and Magnetic helicity
Generally, large-scale magnetic structures can only
develop from small-scale structures through a change in
field topology necessitating magnetic reconnection. This
process requires that the uniqueness of magnetic field
lines is lost on sufficiently small spatial scales. This can
be accomplished, for example, by resistive diffusion or
by spontaneous stochasticity present in rough turbulent
fields. The former reconnection paradigm (cf., e.g., the
Sweet-Parker model) implies reconnection dynamics
on resistive time scales, see, e.g., (Biskamp 2003), and
breaks magnetic-helicity conservation while the latter
concept underlies the turbulent reconnection model
yielding higher reconnection rates independent of the
magnetic diffusivity, e.g. (Eyink et al. 2011) and refer-
ences therein. Therefore, theoretical constraints relating
the reconnection rate and the rate at which inverse
cascade proceeds should be expected. However, the
role of magnetic helicity in reconnection is not clearly
understood, let alone the relationship between inverse
cascade and reconnection, although there exists several
studies (both 2D and 3D) in this regard Heyvaerts
& Priest (1984); Schindler et al. (1988); Lazarian &
Vishniac (1999); Lapenta (2008); Servidio et al (2009,
2010); Lazarian et al. (2012); Priest (2012). Some
of these recent studies put forward the concept of
turbulent reconnection to comply with the astrophysical
observations that show faster reconnection than earlier
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envisaged models (i.e. Sweet-Parker)(c.f. Kowal et al.
(2009); Lazarian et al. (2012)). If the reconnection rate
indeed is faster, it shall have interesting consequences on
the inverse cascade dynamics. However, an investigation
of the influence of different reconnection physics is
beyond the scope of this paper. Here in this work,
we point out that while large-scale magnetic fields are
generated through inverse cascade of magnetic helicity,
it seems plausible that such a process proceeds through
successive steps of turbulent reconnection events, al-
though qualitative or quantitative analysis of such a
mechanism, is currently beyond the scope of this work.
These remarks are made in the light of the unique
(simplistic) 3D-MHD flow and numerical setup used to
obtain the magnetic field structures observed in Figures
3,5,6 and 7 that show various reconnection regions.
4.6. PDFs
Scale-dependent probability density functions (PDFs)
are a useful tool to investigate the formation of mag-
netic structures evolving through the inverse cascade
of magnetic helicity, as they are one of the important
tools used in understanding features like intermittency
and coherence of structures in turbulent flows (see e.g.
Sorriso-Valvo et al (2001); Farge et al (2003); Homann
(2006); Salem et al (2009); Yoshimatsu et al (2013)).
We use the PDFs P (δlb) of the increments of the mag-
netic field δlb over a distance l = |~l|, where δlb =
1
|l| l·(b(x+l, t)−b(x, t)), to study the magnetic field at
different length scales. PDFs of δlb are shown in Figures
(8a) to (8c) for several l. A total of 32 spatial scales are
considered. These cover distances ranging from l = ∆x
to 100∆x , where ∆x = 2pi1024 is the scale of the numerical
grid. Thus these PDFs characterize fluctuations whose
sizes range from almost a single grid point to ∼ 1/10th
the linear extension of the periodic box. In all figures,
they have been normalized to unit variance and shifted
in amplitude for clarity. In Figure 8, two different types
of PDFs are observed: (i) Gaussian-like (for structures of
Figures (2a) and (2b)) and (ii) PDFs with sharper peaks
and broader tails showing clear deviation from Gaussian-
ity (for structures of Figures (3a), (5a) and (5c)).
The first variety of PDFs is represented by Figures (8a)
and (8b). Figure (8a) represents a state very close to the
initial states of both decaying and forced cases ( at t1 of
Figure (1a)). Figure 8b represents the final state of the
forced case (close to t3 of fig.1a). These profiles (Figure
(8a) and (8b)) display Gaussian character on all spatial
scales. This is in disagreement with known simulation re-
sults Mu¨ller & Biskamp (2000); Haugen & Brandenburg
(2004) of homogeneous MHD turbulence which exhibit
a qualitative change of PDFs from large-scale Gaussian
to small-scale leptocurtic shape as the underlying incre-
ments approach dissipative length scales. The observa-
tion indicates that the small-scale Gaussian forcing ap-
parently dominates the two-point statistics of the system
at smaller increment scales. This supports the argument
that, in the driven case, emergence of larger scale spatial
coherence, i.e. the build-up of long-range correlation, is
inhibited by the forcing, as discussed in section 4.1.
The second type of PDFs, shown in Figure (8c), repre-
sents the final state of the decaying case or case 3 (ini-
tially driven and later allowed to decay). These PDFs
are characterized by a sharp central peak and broader
tails (wings) obtained from small to intermediate spa-
tial distances becoming almost Gaussian at largest in-
crements. These characteristics signal the appearance
of some kind of ‘order’ in the structures as opposed to
the initial random state (compare Figures (6a) to (6d))
in the decaying case ( and case 3). The PDFs indicate
the presence of strong intermittent events. A plausible
interpretation of such a signature is the existence of var-
ious spatially coherent structures (cf., e.g., Salem et al
(2009)) which lead to intermittency signatures whenever
a zone of coherence is left or entered. At the small to
intermediate bin measures and in agreement with the
physical picture of merging of current filaments underly-
ing the inverse cascade, the structures appear like twisted
flux tubes of similar sizes (see Figures (5b) and (5d)) re-
sulting in strong correlations and enhanced coherence, a
trend clearly captured in the profiles of Figure (8c). At
the largest values of l, the PDFs tend to show Gaussian
behavior as the involved two field values become increas-
ingly de-correlated.
It is interesting to note that the shape of the PDFs
change from Figures (8a)-(8c) from the initial state of
the decaying system to its final state. A similar trend
is observed in case 3 where the system is initially driven
and later allowed to decay. If the system is allowed to
decay longer, the broadening of the wings of the pro-
files of small to intermediate bin sized measures become
more pronounced (these curves are not shown here), (e.g
for structures of Figure (5a)) indicating enhanced coher-
ence among the structures. This observed trend could be
verified from such an astrophysical phenomenon where
statistical data is available at both initially driven state
and later at the decaying state (e.g. ARs of the Sun).
This probably, is one of the most important observation
emerging from this studies.
5. DISCUSSION
The strongly idealized simulation setup chosen in this
paper has some drawbacks e.g. finite size effects, slow
resistive magnetic reconnection dynamics and limited
scale-separation. This certainly reduces the realism of
the simulations but not their potential astrophysical rel-
evance as the turbulent inverse cascade of magnetic he-
licity studied in this paper (specifically in the decaying
case and case 3) is a robust magnetic structure formation
process. Thus it seems highly probable that the inverse
cascade underlies the magnetic dynamics of physically
more complex turbulent astrophysical systems. Hence,
in following discussion, we interpret some of the observed
astrophysical scenarios that closely resemble our simula-
tion results from the case 3 (i.e. initially driven and later
decaying) and the decaying case. It is important to note
that inferences reached here, can only be approximate
and not absolute, as modifications to the cascade pro-
cess due to additional physics influencing the turbulent
flow e.g. Hall or kinetic effects, can be expected and will
be the subjects of future investigations.
We also state here that our driven turbulence simulations
need lot more modifications (as stated in section 4.1) to
mimic the astronomical observations.
8 Malapaka et al.
5.0.1. Identifying parameters to understand force-free
structures
Force free magnetic configuration (Taylor 1974) is a
concept that has received a lot of attention in both nu-
clear fusion studies and astrophysics (Biskamp 2003). A
rough estimate of the limiting size to which the mag-
netic structures evolve in the decaying turbulence setup
described above can be obtained with the help of the
dissipation rate of magnetic energy and the correlation
length of the magnetic field. which is a direct measure of
the size of the structures. These quantities characterize
the decay of nonlinear turbulent dynamics and the size
of large-scale magnetic coherent structures, respectively.
The magnetic correlation function is defined as:
ρ(r) =
∫ X
−X cx (x ) · cx (x + r)dx∫ X
−X cx
2 (x )dx
(2)
where ‘X’ is taken to be much greater than any char-
acteristic length scale associated with the fluctuations
in cx . Here it represents the boundary of the simula-
tion box. The parameter cx , as mentioned above, is a
general representation of any physical quantity which, in
the context of this work, is the magnetic field b. The
correlation length is defined as the point where the func-
tion ρ(r) falls to 1/e of its peak value. The evolution
of the magnetic field correlation is measured at three
points in time during turbulence decay. It increases with
time and indicates a rising degree of large-scale mag-
netic field coherence. Similarly, magnetic energy dissi-
pation (M = −
∫
V
dV ηn j ·∆n/2−1 j) values for these
three points were also obtained from the available spec-
tral data. The data is as shown in the Table 1. This
data approximated by a linear model (solid line in Figure
(9a)) indicates a growing correlation length as turbulence
decays. The curve intercepts the x-axis at a correlation
length of 0.22 (that is ∼ 22 times the initial correlation
length). This is roughly the maximal size of magnetic
structure achievable in this simulation of decaying MHD
turbulence. The formed stable magnetic structure is re-
garded as approximately ‘force-free’.
This approach is supported by observing the asymptotic
behavior of the magnetic energy and its dissipation in
the decaying turbulence case. Figure (9b) shows such a
log-log plot, of magnetic energy (solid curve) and its dis-
sipation (dotted curve) versus the time, with power-law
fits. The fits show that in the decaying MHD turbulent
flow magnetic energy decays as t−0.5, its dissipation rate
follows dimensionally correct t−1.5 curve for the most
part of the simulation time. It was observed by Mala-
paka (2009) that both kinetic energy dissipation and to-
tal energy dissipation (V + M ) also follow the same
power law of t−1.5 . Thus the system stops dissipating
both kinetically as well as magnetically quite rapidly and
achieves after some additional transient relaxation; the
anticipated force free magnetic state.
Currently, our simulation is one-off in this direction, sev-
eral such attempts are warranted in order to establish a
statistical estimate of the ratio of the size of magnetic
structures from their initial state to the final relaxed
state. Kahniashvili et al. (2013) show in their simulations
that magnetic energy decays as t−
2
3 while the correlation
length goes as t
2
3 , in the evolution of primordial mag-
netic fields, through decaying helical MHD turbulence.
Although, in our simulations, we do not observe these
trends, the modeling described above could be helpful in
improving our understanding of stable celestial (primor-
dial) large-scale magnetic structures.
5.0.2. Planetary magnetospheres
Several varieties of dynamo processes have been in-
voked to explain the generation of large-scale magnetic
fields in planets (see Jones (2011) and the references
thereof). However, these dynamo mechanisms do not ex-
plain the existence and stability of large magnetospheres
these planets possess. A plausible explanation is the in-
verse cascade of magnetic helicity which can transport
magnetic energy into large scales from extremely small
scales, as seen in these simulations and thus can result in
the formation of stable coherent large-scale structures.
Magnetic reconnection seen in the planetary magneto-
spheres, could be a natural ingredient in this large-scale
structure formation.
5.0.3. Random small-scale component and coherent
large-scale component
In astrophysical systems, observations detect the pres-
ence of two magnetic field components: random small
scale magnetic structures (e.g. in galaxies (Beck et al
1996) or magnetic carpet in the Sun (Stix 2002)) and
coherent large-scale component (in the same systems).
In our simulations, the initial state of the both the de-
caying and the forced cases is similar to random small
scale component. By the end of the driven simulation, a
small amount of coherence is observed in the small-scale
structures with the field still keeping a large amount of
its randomness (an inference drawn from PDFs of Fig-
ures (8a) and (8b)). No clear coherent large-scale struc-
tures are seen (cf. sections 4.1 and 4.6). At the end of
the decaying case simulation, the small-scale structures
are both highly correlated and coherent as well, while at
large scales appear to become uncorrelated . It is im-
portant to note that the emerging large-scale structures
in decaying case are coherent, as observed from Figure
(8c) as well as discussion in sections 4.2, 4.4 and 4.6. It
is thus difficult to observe both the random small scales
and coherent large scales, simultaneously, in these sim-
ulations. In astrophysical environments, these two scale
ranges can co-exist because of the huge ratio of scale sep-
aration as well as time spans involved in the evolution of
the large scales. With the available computing capacity
and computing time, the tasks of (a) having several or-
ders of scale separation or (b) to observe the emergence
of coherent large scales by overcoming the random effects
of small scales, appears to be a difficult ask (cf. section
4.1). It is important to insist here that one of the main
purposes of the present simulations is to establish the
role of decaying turbulence in the formation of coherent
large scale magnetic structures in an initially driven sys-
tem (or a system with significant amount of total energy
and helicity in the initial state), which has hitherto not
been studied in such great detail.
5.0.4. Large-scale magnetic structures in the radio relics of
galaxy clusters
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Origin of large-scale magnetic fields seen in the radio
relics of clusters of galaxies is one of the open prob-
lems in astrophysics. Several works have tried to ad-
dress this issue (see e.g. Enßlin et al. (2005); Enßlin &
Vogt (2006); Ruszkowski et al. (2007)). Many of these
attempts explain the way these large scale structures are
seeded. Some of these seeding mechanisms include seed-
ing through the galactic outflows during the starburst
phase of galactic evolution (Donnert et al. 2008), galac-
tic winds (Bertone et al. 2006) to name a few. From the
observational data (see van Weeren et al. (2009); Bagchi
et al. (2009)) it is clear that the radio lobes or radio relics
are at a farther distance from the central engine, usually
merged galaxies, that (in many cases) is no longer ac-
tive. These radio lobes which some times extend over
‘kpc’ scales, are nothing but non-thermal synchrotron
emission and synchrotron emission is a direct indicator
of presence of magnetic fields.
The numerical simulations so far (Enßlin et al. 2005;
Enßlin & Vogt 2006; Ruszkowski et al. 2007; Donnert et
al. 2008) have used realistic data and initial conditions
to simulate the formation of such large-scale magnetic
structures, but the problem remains largely open. Re-
cently using analytical and numerical methods Braith-
waite (2010) have shown that magnetic relaxation and
magnetic reconnection play a major role in the infla-
tion process of these bubbles. Their work explains how
a radio bubble moves and expands in the intracluster
medium without breaking up. However, it does not ex-
plain how large-scale structures evolve in the radio bub-
bles. The present work, although the simulation model is
more idealized by the assumption of spatial homogeneity
of turbulence, attempts at explaining the formation of
large-scale structures.
The forcing used in our simulations produces tangled
(helical) magnetic fields, which are seeding small scale
magnetic fluctuations and significant small scale turbu-
lent fluctuations in the velocity field. Such tangled mag-
netic fields have been observed in the jets that origi-
nate from the merger of galaxy clusters (Gabuzda et al.
2012). Evidence of MHD turbulence in the intra-cluster
plasma is present both in observations (Schuecker et al.
2004; Clarke & Enßlin 2006a,b; van Weeren et al. 2009;
Cassano et al. 2011) as well as in simulations (Enßlin
& Bru¨ggen 2002; Enßlin et al. 2009). At these seed
scales, there is a transfer of kinetic energy to magnetic
energy, which then is transported via the inverse cascade
of magnetic helicity to larger scales as observed in the
present simulations. Due to the large amount of energy
present in the helical jet, it is plausible that during its
travel, the plasma at farther distances from the central
engine, which was hitherto non-turbulent, becomes tur-
bulent (i.e. seeding turbulence at new scales). When the
forcing stops (much like the jets stop emanating from the
central merger portion after a certain period of time),
there is significant energy at these newly seeded scales
which starts decaying. Since this decay process is tak-
ing place in a turbulent plasma, the concepts of decaying
MHD turbulence i.e. inverse spectral transfer of mag-
netic helicity flux and formation of large scale structures
come into play and can produce large-scale homogeneous
magnetic fields observed in the radio bubbles. Previ-
ously the formation of such large-scale magnetic struc-
tures via the inverse cascade mechanism has been de-
scribed as speculative since no compelling mechanism is
known for generating large net helicity in a cosmic fluid
(Widrow 2002). Recently, theories on (a) the production
of magnetic helicity in hot lepton plasma in the early Uni-
verse (Semikoz & Sokoloff 2007) and (b) production of
primordial magnetic helicity through electro-weak phase
transitions (see Christensson et al. (2005); Subramanian
(2010); Kahniashvili et al. (2013) and references therein),
have been proposed. In the wake of these new ideas [es-
pecially the ones mentioned in (b)], inverse cascade is
a plausible mechanism to generate large-scale magnetic
fields at cosmic scales (Christensson et al. 2005; Subra-
manian 2010). The roles of other important quanti-
ties such as kinetic helicity and the ratio of energies (at
large scales, this ratio is ∼ 10) in the inverse cascade
process have been made evident in the direct numeri-
cal simulations presented in Mu¨ller et al. (2012); Mu¨ller
& Malapaka (2013). These results, in combination with
the discussion on evolution of large-scale coherent mag-
netic structures from initial small scales presented above
(see section 4.5), make a strong case in favor of inverse
cascade of magnetic helicity as a mechanism for large-
scale magnetic structure generation. In short, the jets
(with probable helical magnetic fields) emerging out of a
cluster merger, are inflating these radio ‘bubbles’, which
then rise and expand towards the outskirts of the cluster.
But, the expansion of the bubble by itself might not be
sufficient to explain the very coherent magnetic field ob-
served in these bubbles and invoking the above explained
inverse cascade mechanism is one plausible solution, as
the jet magnetic field will have seed helicity and this
might drive the process towards ordering the field within
the bubble, in a turbulent environment (Enßlin & Dolag
2009), once the jet gets switched off. Since our simula-
tions also point to the possibility that as the size of the
structures increase, magnetic dissipation decreases and
that the structures tend to move towards a force free sta-
ble configuration; these simulations also can in principle
offer a natural explanation to the stability of these huge
magnetic structures. The dominance of small scales in
the forced case observed in the simulations are not seen
in the current day astronomical observations because of
the lack of sensitivity of the instruments to such small
scale magnetic fluctuations.
5.0.5. Understanding small to intermediate scaled magnetic
structures
When the sensitivity of the astrophysical instruments
detecting magnetic fields increases, they might be able to
detect intermediate to small sized magnetic structures. It
is plausible that formation and evolution of such scales
could be interpreted through our simulations from case 3,
where it is shown that the size of the structures formed
depended on the point of stoppage of the force, before
the system starts decaying.
Stochastically modeled observational data of either size
of the structures or the number of reconnection regions
or both might give insights on the nature and influence of
the source that generated these structures, as there ap-
pears to be a direct relation between the number of recon-
nection regions and size of the structures formed through
inverse cascade (see Section 4.4). A quantitative form of
such a relation, though, is beyond the scope of this work.
In addition, just one numerical forcing method as in the
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present paper is not sufficient for stochastic modelling
and requires several possible data sets obtained from dif-
ferent forcing methods. The work presented here, thus,
offers a good starting point for further such studies.
5.0.6. A word of caution
It is possible that in the distant past, a strong force
(e.g. energy imparted by a super nova explosion) acted
on an isolated plasma for a very small amount of time.
The plasma, then could be in decaying turbulence mode
for a very long time that might result in extremely large-
scale structures. Thus, while interpreting the properties
of the observed large-scale structures using the concepts
from case 3 presented above, one cannot ignore this
importat possibility. If ignored, it can lead to incorrect
conclusions about the nature and influence of the source
itself, for some observations. However, to simulate
this scenario using direct numerical simulations, spatial
resolutions many times larger than the ones used here
and much smaller time steps are necessary. Owing to
the limited computing resources, we could not perform
this simulation but cannot rule out cautioning about
this plausible scenario here, for completeness.
The discussion in this section might also be helpful in
understanding magnetic structures in the interstellar
and intergalactic medium, which are also highly turbu-
lent.
6. CONCLUSIONS
A set of homogeneous forced and decaying 3D-MHD
turbulence simulations were conducted. The forcing
mechanism and initial conditions were placed in the
small scales in the forced case and intermediate scales
in the decaying case. The primary property that was
studied closely was the inverse cascade of magnetic
helicity and the large-scale magnetic structure formation
due to the same. The important conclusions from the
discussions in the above sections are:
1) It is observed that in the forced case coherent large-
scale magnetic structures are not formed where as in
the decaying case such structures are indeed generated.
If the forcing is stopped and the system is allowed
to decay, from the incoherent large-scale structures of
forced case, coherent large scales evolve.
2) If the simulations are performed with large enough
scale separation, stage by stage evolution of the magnetic
structures from small scales to large scales via intermei-
date scales can be observed, as shown in our work above.
Hence it is suggested that the forcing mechanisms and
initial conditions used in several other studies (see
e.g. Brandenburg (2001); Mininni et al. (2006)), if
appropriately modified to achieve the necessary scale
separation, would help in a better understanding of the
process of evolution of large-scale structures from small
scales. Such simulations will further help in minimizing
the unphysical dependence on different initial conditions
and forcing mechanisms.
3) The approach to form large-scale magnetic struc-
tures using both the forced and decaying 3D-MHD
turbulences resemble closely the astrophysical scenario
such as large-scale magnetic structures seen in the
radio bubbles or relics of the cluster of galaxies. In
those systems, it is possible that the forcing mechanism
that is responsible for the formation of the large-scale
magnetic structures must have acted for a very short
period of time in comparison to the life time of these
structures it self. The forcing mechanism might impart
energy into the plasma and it is also possible that the
methods by which this energy is imparted would also
stir up the magnetic helicity. Such tangled magnetic
fields can decay, as shown in the simulations above, to
form large-scale magnetic structures due to the inverse
cascade of magnetic helicity.
4) These simulations present a plausible idealized
theoretical framework for the formation of large-scale
magnetic structures. Using mean magnetic field as an
initial condition would make the simulations anisotropic.
Further effects like rotation, convection, thermal pres-
sure and gravitation can be added to these simulations
to make them more realistic. Adding these additional
ingredients into the model will definitely violate the
conservation of magnetic helicity, however these are
essential logical extensions to make the simulations more
realistic. To match the results with the real data from
observations, further modifications and fine tuning of
parameters are necessary so that they tend to agree with
the observations both quantitatively and qualitatively.
Such efforts will form the basis of future work.
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Time Length Dissipation
t=0.233 0.01 0.0285
t=4.25 0.15 0.0155
t=5.89 0.17 0.0063
TABLE 1
Correlation lengths and energy dissipation values at different times for magnetic field structures
Large-scale Magnetic Structure Formation 13
Fig. 1.— Spectral properties of magnetic energy and comparison of energies. a) Spectra of magnetic energy in the forced case plotted
at four instances of time. Three instances as t1 = 0.143, t2 = 0.33 and t3 = 6.7 are marked on the plot(see sections 3 and 4.4), b) flux of
magnetic energy plotted at t3 in the forced case (top) solid line: positive flux and dashed line: negative flux, comparison of energies at t3
in the forced case (middle). Kinetic energy EK (dashed line), magnetic energy EM (dash-dot line) and total energy ET (solid line) and
magnetic energy spectrum in the decaying case at t = 9.2 (bottom). A similar trend for both the plots (top and middle) is seen in the
decaying case, hence they are not shown here.
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Fig. 2.— Magnetic field structures and iso-surfaces in the forced case. a) Cut across the plane of initial state of unfiltered magnetic field
structures b) final state of the unfiltered magnetic field structures at t3 c) cut across the plane of cut-off filtered out put of magnetic field
structures and d) iso-surfaces of the cut-off filtered out put of magnetic field. All the plotted values are absolute values of the fields. (A
color version of this figure is available in the online journal.)
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Figure caption in the next page
16 Malapaka et al.
Fig. 3.— Real space structures and iso-surfaces for various quantities in the decaying case at t = 9.2. a) Cut across the plane of magnetic
field structure, b) iso-surfaces of the magnetic field (zoomed by 1.4 times), c) 3D-view of magnetic helicity structures, d) iso-surfaces of
magnetic helicity, e) cut across the plane of current density, f) iso-surfaces of current density (zoomed by 12 times), g) cut across the plane
of velocity field, h) iso-surfaces of velocity (zoomed by 14.4 times) i) cut across the plane of vorticity field and j) iso-surfaces of vorticity
(zoomed by 12 times). Resolution in all these pictures is 10243. (A color version of this figure is available in the online journal.)
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a) b)
Fig. 4.— Spectra of current density. a) Driven case shown at t = 0.17, 0.36, 5.05 and 6.66, b) decaying system shown at t = 0.30, 2.28,
6.78 and 9.30. Dark line: initial state, dotted lines: intermediate states, dashed lines: final state.
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Fig. 5.— System initially forced and later allowed to decay. a) Cut across the plane of magnetic field structures at t = 9.9 after the
forcing was stopped at t3 (see Figure (1a)) b) iso-surfaces of the magnetic field for Figure (a) (zoomed by 1.5 times), c) cut across the
plane of magnetic field structures at t = 5.3, after the forcing was stopped at t2 (see Figure (1a)) and d) iso-surfaces of the magnetic field
for Figure (c) (zoomed by 1.7 times). (A color version of this figure is available in the online journal.)
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Fig. 6.— Evolution of the magnetic field. a) Cut across the plane of unfiltered magnetic field structure (at t = 0.33, where the forcing
was stopped), b-d) cut across the plane of magnetic field structures (at t = 4.5, 5.5 and 8). (A color version of this figure is available in the
online journal.)
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Fig. 7.— Magnetic reconnection in the decaying case. Shown in the figure is a superimposition of magnetic field vectors on absolute
magnetic field structures. Also shown are four reconnection regions marked 1 - 4. Resolution for these figures is 5123 with µˆ8 ∼ ηˆ8 = 2e-35
and the shown figure is taken at t = 4 with forcing stopped at t = 1. (A color version of this figure is available in the online journal.)
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Fig. 8.— PDFs of the magnetic field. a) Curves represent the initial state of the forced case / initial state of the decaying case b) curves
representing the final state of the forced case and c) Curves represent the final state of the decaying case / final state of the system(s) that
is (are) initially driven and later allowed to decay. In all the three figures: dash-dot curves: plots obtained by measuring the field increment
using the ‘largest bin size’. Bin size decrease from curves plotted with dash-dot curves to curves plotted with ‘dotted line’, which is the
outer most curve. A model Gaussian with unit variance is also shown (solid black line curve).
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Fig. 9.— Correlation length Vs magnetic energy dissipation and time evolution of magnetic energy and its dissipation and magnetic
helicity in the decaying turbulence. a) Data points of Table. 1 (shown with a ’+’ sign) are fitted with a linear curve fit and b) magnetic
energy and its dissipation in the decaying turbulence. Solid line: magnetic energy, dashed line: energy dissipation, dash-dot line: curve
fit t−0.5 to magnetic energy, dash-dot-dot line: curve fit t−1.5 for the magnetic dissipation, thin continuous horizontal line (bottom of the
figure) magnetic helicity and accompanying dash-dot horizontal line a curve fit with 0.02 ∗ t0 to emphasize that magnetic helicity is finite
but constant in time, for this simulation.
